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TwO-dintensional water-waves of permanent shape with constant propagation speed are
considered under the assumption that the gravity is neglected and only the surface tension
is taken into account. We prove that, Crapper’s solutions, which are exact solutions of the
governing equations, are unique among those which satisfy a certain positivity property.
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([6]). , ([6] Levi-Civita
) .
$q \frac{\mathrm{d}\theta}{\mathrm{d}\sigma}=-\sinh(H\theta)$ $(-\pi\leq\sigma\leq\pi)$ . (1)
, $\theta=\theta(\sigma)$ , $2\pi$ , $\int_{-\pi}^{+\pi}\theta(\sigma)\mathrm{d}\sigma=0$ . $\sigma$
. , $H$ Hilbert . $q$ ,
. [6] . $\theta$
( 1), $\theta$ .











$\theta(\sigma)$ $=$ -2 $\arctan(\frac{2A\sin\sigma}{1-A^{2}})=-4$ $(A \sin\sigma+\frac{A^{3}}{3}\sin 3\sigma+\frac{A^{5}}{5}\sin 5\sigma+\cdot$ . $()$ (3)
, $A\in(-1, 1$ ) . $\theta$ Hilbert
$H\theta(\sigma)$ $=$ $\log\frac{1+A^{2}+2A\cos\sigma}{1+A^{2}-2A\cos\sigma}=4(A\cos\sigma+\frac{A^{3}}{3}\cos 3\sigma+\frac{A^{5}}{5}\cos 5\sigma+\cdots)$ (4)
. , $n$ , (1) , $q/n,$ $\theta(n\sigma)$ $(n=1,2, \cdot. .)$ .
(1) , 2 . ,
Crapper $q=1,1$/2,1/3, $\cdots$ , $\theta\equiv 0$ . 3
.
, $H\theta$ $\tau$ :
$\tau=H\theta$ .
, $\theta$ . .
138
rgp\rho e $ $\mathrm{p}\mathrm{u}\prime \mathrm{o}\mathrm{c}\mathrm{a}\rho \mathrm{i}\mathfrak{l}\mathrm{l}\mathrm{a}\eta$ waves
3:
[6] Crapper 2 . ,
(1) Crapper ,
. Crapper i ,
. ,
, $\circ$ ( ,
, .




Rl $\theta(\sigma)+\mathrm{i}H\theta(\sigma)$ $|z|\leq 1$ . ,
$F(z)(\models|\leq 1)$ , $F(e^{\mathrm{i}\sigma})=\theta(\sigma)+\mathrm{i}H\theta(\sigma)$ .
R2 Hilbert $H$
$Hf( \sigma)=\frac{1}{2\pi}\int_{-\pi}^{\pi}\cot(\frac{\sigma-6^{*}}{2})f(s)\mathrm{d}s$
$H$ ( $\sum_{n=1}^{\infty}$ ($a_{n} \sin n\sigma+bn\cos n\sigma))=\sum_{n=1}^{\infty}(-a_{\mathrm{n}}\cos n\sigma+b_{n}\sin n\sigma)$
( $a_{n}b_{n}$ ) . , $I$ $H^{2}=-I$ .
R3 (1) $\theta(\sigma)$ $C^{\infty}$ . , $\tau(\sigma)$ $C^{\infty}$
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R4 $(H \frac{\mathrm{d}}{\mathrm{d}\sigma})^{-1}$ : , $f$ $\sigma$ , $H \frac{\mathrm{d}}{\mathrm{d}\sigma}f$ =g
$f( \sigma)=\int_{0}^{\pi}G(\sigma, s)g(s)\mathrm{d}s$ $(0\leq\sigma\leq\pi)$ (5)
. ,
$G( \sigma, s)=\frac{1}{\pi}\log|\frac{\mathrm{s}^{\backslash }\mathrm{i}\mathrm{n}\underline{\sigma}\pm\underline{s}2}{\mathrm{s}^{\backslash }\mathrm{i}\mathrm{n}\frac{\sigma-s}{2}}$
.
$|= \frac{2}{\pi}\sum_{n=1}^{\infty}\frac{\sin(n\sigma)\sin(ns)}{n}$ $(0\leq\sigma, s\leq\pi)$ . (6)
$0<\sigma,$ $s<\pi$ $G($ \sigma , $s)>0$ .
, $\frac{\mathrm{d}\tau}{\mathrm{d}\sigma}$ (1)
$q \frac{\mathrm{d}^{2}\theta}{\mathrm{d}\sigma^{2}1}=-\frac{\mathrm{d}\tau}{\mathrm{d}\sigma}\cosh\tau$
. $H^{2}=-I$ $f= \frac{\mathrm{d}\tau}{\mathrm{d}\sigma}$ :
$H \frac{\mathrm{d}}{\mathrm{d}\sigma}f$ $= \frac{1}{q}$ $(\cosh\tau)f$ . (7)
, $\sin\theta$ ,
$H \frac{\mathrm{d}}{\mathrm{d}\sigma}\sin\theta=-\frac{1}{q}H$ ( $\mathrm{c}o\mathrm{s}\theta$sinh $\tau$ ) (8)
. $\sin(\theta+\mathrm{i}\tau)=\sin\theta\cosh\tau+\mathrm{i}\mathrm{c}$os $\theta\sinh\tau$ ,
$\cos\theta$ sinb $\tau=H$ $(\sin\theta \mathrm{c}\mathrm{o}\mathrm{s}1_{1\mathcal{T}})$ .
(8)
$H \frac{\mathrm{d}}{\mathrm{d}\sigma}\sin\theta=\frac{1}{q}\cosh\tau \mathrm{s}\mathrm{i}_{11}\theta$ (9)
.
$\sin\theta$ $\frac{\mathrm{d}\tau}{\mathrm{d}\sigma}$ ,
$qf( \sigma)=\int_{0}^{\pi}G(\sigma, s)\cosh(\tau(s))f(s)\mathrm{d}s$ (10)
$_{-}$’
, (\not\in $L$
$Lf$ ( ) $=$ $0\pi G(\sigma, s)\cosh(\tau(s))f(s)\mathrm{d}s$ . (11)
( $\tau$ ) . $\frac{\mathrm{d}\tau}{\mathrm{d}\sigma}$ $\sin\theta$ $L$ , $q$
.
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. Banach $E$ :
$E=\{f\in C[0, \pi] ; f(0)=f(\pi)=0\}$ .
) $||f \cdot||=\max_{0\leq\sigma\leq\pi}|f$ (\sigma )| . , $K$
$K=\{f\in E ; f(\sigma)\geq 0(0\leq\sigma\leq\pi)\}$
.
1 $w_{0}$ $K\backslash \{0\}$ . $L:Earrow E$ $w_{0}$ ,
$u\in K\backslash \{0\}$ $n$ $\alpha,$ $\beta$ $\alpha w_{0}(\sigma)\leq(L^{n}u)(\sigma)\leq\beta w_{0}(\sigma)$
$0\leq\sigma\leq\pi$ .
.
1 $L$ : $Earrow E$ . , $f\in K$ $Lf\in K$
. , $L$ $w_{0}$ $\prime w_{0}\in K\backslash \{0\}$ .
, $L$ $\lambda_{0}>0$ $f\in K\backslash \{0\}$ . $\lambda_{0}$
.




Al $0\leq\theta(\sigma)\leq\pi$ $0\leq\sigma\leq\pi$ ;
A2 $\frac{\mathrm{d}\tau}{\mathrm{d}\sigma}(\sigma)\geq 0$ $0\leq\sigma\leq\pi$ .




, $w_{0}(\sigma)=$ sin $\sigma$ , $u\in K\backslash \{0\}$ , $\sigma\in(0, \pi)$
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$Lu(\sigma)>0$ , $Lu(0)=Lu(\pi)=0$ . $Lu$ $C^{1}$
$\frac{\mathrm{d}L\cdot u}{\mathrm{d}\sigma}(0)>0,$ $\frac{\mathrm{d}Lu}{\mathrm{d}\sigma}(\pi)<0$ , $\alpha>0$ $Lu\geq\alpha \mathrm{s}$in $\sigma$
. , $u$ $Lu$ $C^{1}$ .
$L^{2}u$ . $L \prime u=(H\frac{\mathrm{d}}{\mathrm{d}\sigma})^{-1}(\cosh(\tau)u)$ $\eta<1$ $\eta$ H\"older
. , $L^{2}u\in C^{1}$ $[0, \pi]$ .
, $\prime lJ\in K\backslash \{0\}$ H\"older $\prime v(0)=0$ (6) ,
$\frac{\mathrm{d}L\prime v}{\mathrm{d}\sigma}|_{\sigma=0}=\frac{1}{\pi}.\cot(\frac{s}{2})\cosh(\tau(s))v(\acute{0}\pi s)\mathrm{d}s>0$
. $\frac{\mathrm{d}Lv}{\mathrm{d}\sigma}|_{\sigma=\pi}<0$ . $u\in K\backslash \{0\}$
$L^{2}u\geq\alpha \mathrm{s}$in $\sigma$ $\alpha>0$ . $L^{2}u\leq\beta \mathrm{s}$in $\sigma$ .
$\sin\theta$ $\mathrm{d}\tau/\mathrm{d}\sigma$ $0\leq\sigma\leq\pi$ , Theorem 1
$q$ . $k$ ,
$\frac{\mathrm{d}\tau}{\mathrm{d}\sigma}=k\sin\theta$ (12)
. Toland [7] 3 .
Toland $H_{\mathrm{d}\sigma}^{\lrcorner \mathrm{d}}=\sin f$ , .
, $H_{\mathrm{d}\sigma}^{\lrcorner \mathrm{d}}=\sin f$ $f_{1}$ $f_{2}$ :
$fi(\sigma)=\pm 2$ $\tan(\sigma+a)+2\pi m$ ; (13)
$a$ , $m$ ;





$f_{1}$ , . ,
$\theta(\sigma)=2\tan(\frac{1}{2}(\gamma^{-1}-\gamma)\sin 2\delta k\sigma)$
. $\theta$ $2\pi$ $2\delta h$. . $n$ .
$\theta(\sigma)=-2\tan(\frac{1}{2}(\gamma-\gamma^{-1})\mathrm{s}$ in $n\sigma)$
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, $\sin\theta\geq 0$ $n=\pm 1$ . $n=1$ $n=-1$





$A\in(-1, 1$ ) .
$\theta\geq \mathrm{t}\overline{\mathrm{J}}$ , $\gamma-\gamma^{-1}<0$ . , $0<\gamma<1$ $A=(\gamma-1)/(\gamma+1)$ , $\gamma<-1$




Toland [7] : $\ovalbox{\tt\small REJECT}$ Peierls-Nabarro
$H \frac{\mathrm{d}f}{\mathrm{d}\sigma}=\sin f$, (15)
$\#\mathrm{h}$
$H \frac{\mathrm{d}g}{\mathrm{d}\sigma}=-g$ $+g’$ (16)
$g_{1}$ , g2 $\mathrm{d}\mathrm{d}\sigma=g_{1}-$ g2 , (16)
([1, 2] ). (13) (14) . (15) (1)
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